We consider a class of one-dimensional non-Hermitian models with a special type of a chiral symmetry which is related to pseudo-Hermiticity. We show that the topology of a Hamiltonian belonging to this symmetry class is determined by a hidden Chern number described by an effective 2D Hermitian Hamiltonian H eff (k, η), where η is the imaginary part of the energy. This Chern number manifests itself as topologically protected in-gap end states at zero real part of the energy. We show that the bulk-boundary correspondence coming from the hidden Chern number is robust and immune to non-Hermitian skin effect. We introduce a minimal model Hamiltonian supporting topologically nontrivial phases in this symmetry class, derive its topological phase diagram and calculate the end states originating from the hidden Chern number.
Open quantum systems with loss (dissipation) and gain (coherent amplification) are described by non-Hermitian (NH) Hamiltonians [1, 2] and have unexpected properties which often depend on the symmetries of the system [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Adding a non-Hermitian component to a Hamiltonian does not only broaden the resonances and allow the eigenstates to decay, but the eigenmodes can merge with each other at exceptional points, which are topological defects where not only the eigenvalues are degenerate but also the eigenvectors are parallel to each other [1, [12] [13] [14] . The flexibility to engineer gain and loss in a controllable manner for example in optics, optomechanics, plasmonics, superconducting quantum circuits, dissipative Bose-Einstein condensates, exciton-polariton condensates and cold atom systems [1, 2, 12, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] have naturally raised the interest to study the symmetry and topology in non-Hermitian physics systematically [30] [31] [32] [33] [34] with potential applications for example in the design of topologically protected laser modes [35] [36] [37] [38] [39] [40] .
Because in NH systems the energies are complex the Altland-Zirnbauer symmetry classes support new types of winding number and Z 2 invariants determined by the complex spectra [30] -leading to NH topological phases with no Hermitian counterparts [30, 32, 33] . The classification is further enriched because for a NH Hamiltonian the transpose and complex conjugation are not equivalent so that the 10 Altland-Zirnbauer symmetry classes need to be extended [31] to 38 non-Hermitian (nonspatial) symmetry classes [32, 33] . Furthermore, Hermitian Hamiltonians are gapped if the energy bands do not cross the Fermi energy, but non-Hermitian systems feature two different types of complex-energy gaps, socalled point (line) gaps where bands do not cross a point (line) in the complex-energy plane, giving rise to further ramification of the topological classification [33] . Various models and realizations of the different NH topological phases have been proposed [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] the case for NH systems [53, 54] , where the experimental consequences of topological invariants are less clear because the bulk-boundary correspondence can typically be established only on the level of singular value spectra [55] . One of the reasons for the breakdown of the bulkboundary correspondence in NH systems is that the bulk states are often localized in the vicinity of the boundary (NH skin effect) so that the boundary effects are not described by the bulk Bloch Hamiltonian [56] [57] [58] . Nevertheless, for particular NH symmetry classes, such as the pseudo-Hermitian Hamiltonians, the bulk-boundary correspondence can be established [33] .
From 
where S is a Hermitian unitary operator. Furthermore, in the following we assume that S is traceless so that the unit cell contains even number of lattice sites. In the topological classification discussed in Ref. 33 , the NH chiral-symmetric Hamiltonians are part of the class of pseudo-Hermitian Hamiltonians because iH k is a pseudoHermitian matrix. In this paper we establish a novel perspective on the topological invariants and bulk-boundary correspondence for these Hamiltonians. Namely, we show that the topology of 1D NH chiral-symmetric Hamiltonian satisfying Eq. (1) is described by an effective 2D Hermitian Hamiltonian H eff (k, η), where η is the imaginary part of the energy. Moreover, we show that H eff (k, η) supports Chern number as a topological invariant which determines the existence of boundary states also for the non-Hermitian Hamiltonian H obc with open boundary conditions via the bulk-boundary correspondence of Hermitian Hamiltonians (see Fig. 1 ). Finally, we introduce a minimal model Hamiltonian supporting topologically nontrivial phases in this symmetry class, derive its topological phase diagram and calculate the end states originating from the hidden Chern number.
By inspecting the characteristic polynomial of H k satisfying Eq. (1) we note that if λ is the eigenvalue of H k then also −λ is. Every square matrix can be easily decomposed in Hermitian and anti-Hermitian part, namely 
For traceless S we find that H k satisfying Eq. (1) has a generic block structure in the eigebasis of S. Namely
where P k and R k are N × N Hermitian matrices and
It is worth noticing that any 2 × 2 real traceless Hamiltonian H k can be put in the form of Eq. (4) so it satisfies the chiral symmetry (1) (see Appendix B). (1) then also H obc satisfies it with S obc = 1 L ⊗ S, where L is the number of unit cells stacked along the chain. We are interested about the end states of H obc with zero real part of the energy. Thus, we demand that there exists η ∈ R such that
Using (3) we obtain H obc = iS obc H obc and H † obc = H obc , so that we get from Eq. (6) (H obc + ηS obc ) |ψ = 0.
Notice that this is a zero-energy eigenproblem for an effective Hermitian Hamiltonian
We can use this to define a k-space effective Hermitian Hamiltonian
The above Hamiltonian is defined in a two-dimensional (k, η) space and its Chern number is quantized if it is gapped and it can be compactified in η. A non-trivial Chern number C of H eff (k, η) at half-filling implies that we have C chiral boundary-modes of H eff obc (η) crossing the energy gap and it means that we have C solutions of the eigenproblem (7) or (6) . Mapping the non-Hermitian Hamiltonians with open and periodic boundary conditions to the same Hermitian problem guarantees that if H k has gapped real spectrum then H obc also has gapped real spectrum meaning that the non-Hermitian skin effect does not lead to a breakdown of the bulk-boundary correspondence. Moreover, if H eff (k, η) is gapped and topological then H eff obc (η) supports boundary states, and therefore also H k is gapped and H obc supports end states with zero real part of the energy (see Fig. 1 
for the schematic view of this induced bulk-boundary correspondence).
Now what remains is the question of quantization of the Chern number of H eff (k, η). We know that it is quantized as long as H eff (k, η) is periodic in k and η. Periodicity in k is obvious but in the canonical basis where Eqs. (4) and (5) are satisfied we obtain
We can overcome this problem by defining a compactified version of Hamiltonian H eff (k, η) given by
where
This way R −∞ = 1 and
Note that the spectrum of H eff cp (k, η) and H eff (k, η) is the same. Now, the Chern number C for H eff cp (k, η) can be obtained using Kubo formula [59, 60] 
where the Berry curvature Ω k,η is given by In what follows we focus on a minimal tight-binding model with uniform hopping t supporting nontrivial phases. In this model we have a four-site unit cell with gain and loss terms g 1 , g 2 , g 3 and g 4 , so that the NH Hamiltonian is
Without loss of generality we can assume that
This model satisfies chiral relation (1) with S = 1 ⊗ σ z . From Eq. (9) we find that the effective Hermitian Hamiltonian for our model is
and similarly from Eq. (8) we can get H eff obc (η). The phase diagram of H eff (k, η) is given in Fig. 2 . The gapped phases are located mainly in the plane g 3 = −g 1 and we find two non-trivial ones with hidden Chern numbers C = −1 along direction g 1 = −g 2 and two trivial ones with C = 0 along direction g 1 = g 2 . For better clarity Fig. 3 shows two-dimensionl phase diagrams in the planes g 3 = −g 1 and g 3 = −g 1 + 0.2t.
In Fig. 4 we show the spectra of the Hamiltonian H eff obc (η) with open boundary conditions as a function of η for the gapped phases shown in Fig. 3(a) . In the nontrivial phase [ Fig. 4(a) ] we can see that the gap around In summary, we have shown that one-dimensional nonHermitian chiral-symmetric models support a hidden Chern number as a topological invariant. The Chern number determines the number of end states with zero real part of the energy and the end states are immune to non-Hermitian skin effect. Moreover, we have calculated the topological phase diagram and end states for a minimal 4 × 4 gain and loss model that supports a nontrivial topological phase. Our approach gives a new perspective on the topological invariants and bulk-boundary correspondence of non-Hermitian systems and the idea can be generalized to various dimensions and symmetries. 
